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Dynamic analysis of an underwater suspension system in ocean currents
with method of averaging
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Underwater suspension system is simplified into a single degree of freedom model with restoring force and
quadratic damping. Nonlinear mathematical model of the suspension unit oscillating in still water and in ocean
currents is established. And its analytical solutions are obtained with method of averaging. Results show that
analytical solution with the method of averaging have small differences with numerical solution based on the
fourth-order Runge-Kutta and can effectively describe the underwater oscillation, and solution with weaker
nonlinear term has the better approximation. With large mass, short tether length and large current velocity, the
analytical solution obtained with method of averaging is closer to the numerical solution.
[Key words: Underwater suspension system; Dynamic model; Transverse oscillation; Method of averaging; Ocean
currents]

Introduction
Underwater tethered systems are vehicles,
tools or other packages attached to a tether (or
cable) and suspended from a surface vessel,
which have been widely used in the marine
environments for exploration, inspection and
engineering operations1. They are vital tools that
provide safe and effective access to deep water.
Due to different aims and tasks, the tether types
are various, mainly containing neutral buoyancy
tether and armoured umbilical cable. Neutral
buoyancy tether is mostly used on submersibles
like ROV, towfish and line array sonar, and the
dynamic behavior of towed object has attracted
much attention from researchers2,3,4,5,6. Armoured
umbilical cable has a submerged weight in sea
water and owns greater structural strength than
neutral buoyancy tether, but more motion
restrictions to the suspended object, too.
The armoured umbilical cable is commonly
applied in underwater suspension systems in
ocean engineering, such as trencher, heavy duty
ROV, TMS of ROV system, TLP foundation,
heavy underwater operation tools and so on.
When the underwater suspension system is
lowered down into the water, vertical and

transverse oscillation behaviors happen due to
external excitations, which influence the safety
and stability of the system. Vertical oscillation
behavior subject to surface excitation has already
been widely studied7, because slack cable and
large snap loads can occur during vertical
oscillation behavior in rough seas, which may
cause structural damage to the tether and
endanger the recovery of the underwater
suspension object. But less attention are paid to
the transverse oscillation behavior, which is also
quite important in underwater locating, time and
position control of hanging work and controlling
the operating range of suspension systems.
There are two kinds of modelling techniques
available to predict the response of tethered
systems: the continuous analytical methods and
the discrete numerical models7. Discrete
numerical models are valid for some nonlinear
properties like quadratic drag and spatially
varying properties of cables. The nonlinear
coupling motion principle between the tether and
the vehicle can be included in these models. The
most prevalent numerical approaches used
nowadays in determining the hydrodynamic
performance of an underwater tethered system are
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the lumped mass method9, the finite difference
method10,11 and the finite element method12,13.
Numerical methods are effective tools but
they also have several limitations. For example,
they need much calculation time and cannot
provide
quick
estimates
of
dynamic
characteristics of tethered systems14. But
analytical methods are not constrained by these
limitations. They can accurately and concisely
summarizes the relationship between variables,
and values of independent variables can be easily
obtained
through
inverse
calculation
corresponding to the dependent variables. Driscoll
et al. once developed a continuous onedimensional analytic model which could simulate
a vertically tethered system subject to surface
excitation7. The amplitude of ship motion that
triggers a snap load could be predicted by solving
the transfer function of ship-cage motion.
Main purpose of this paper is to establish a
nonlinear one-dimensional analytic model that
represents the transverse oscillation behavior of a
tethered suspension system in ocean currents, and
find the analytical solution with method of
averaging, which will be useful to predict the
oscillation characteristics.
Materials and Methods
In the real ocean environment, the underwater
suspension system usually works with the surface
ship floating and the tether length varying. Its
motion characteristics have great complexity.
Therefore, the underwater suspension system is
simplified as a pendulum to get the equation of
vibration damping, and some assumptions are
made as following:
 The
underwater
suspension
object
oscillates in small amplitude, namely the
maximum pendulum angle is less than 5°, due to
excitation forces induced by currents or ship
motion through tethers;
 Without considering the tether's elastic
extension, effects of gravity and flow resistance
of the tether are neglected, because they are too
much smaller compared to the forces directly
acted on the submerged object which has too
much more weight than the tether;
 Regardless of motion of the mother ship,
the transport inertial force and Coriolis inertial
force are zero, namely FIe = 0 and FIC = 0. The
change of position where the tether is connected
to the surface ship is ignored.
Fig. 1 shows a typical underwater suspension
system where the ship and undersea unit are
connected by a long elastic tether. The system is
simplified into a single degree of freedom model

with restoring force and quadratic damping. In
order to analyze the motion of the underwater
suspension object, the coordinate frame xoy is
first established as shown in Fig. 1, and the origin
O is set in the center of the bottom of ship. The
coordinate axis x is horizontal, and coordinate
axis y is vertical and directed from top to bottom.
The angular displacement between tether and
coordinate axis y is defined as φ, which is positive
when the suspension object moves to the right
side of axis y.
x
o


current

Ft

F
FD

y
G
Fig. 1—Definition of coordinate system and symbols

The underwater suspension object is acted
upon by the following forces15:
(1) Gravity G  mg , buoyancy F  Vg  m f g ;
(2) Added mass force due to acceleration
ma

du
, ma is the added mass, u is the motion
dt

velocity of the suspension object;
(3) Tether tension Ft ;
(4) Considering the influence of ocean
current, the drag force on the underwater
suspension object can be written as
FD  k u  uc cos  (u  uc cos  )
1
ds
 ds

  Cd  w S
 uc cos    uc cos  
2
dt
 dt

where Cd is drag coefficient related

with
Reynolds number,  w is sea water density, S is
projected area of the submerged object, s is the
object’s displacement, uc is ocean current
velocity, and  is the small deflection angle.
Due to D'Alembert principle, the basic
equation of relative motion dynamics is

established, and projected to the tangent axis t of
the oscillation trajectory, then we can obtain
d 2s
d 2s
 (G  F )sin   ma 2
2
dt
dt
1
ds
 ds

 Cd  w S
 uc cos    uc cos  
2
dt
dt


m

…(1)
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When the suspension object makes microamplitude vibration, deflection angle  is small
(≤5°), and sin    , cos   1 , s  l , then Eq.
(1) can be written as
d 2
(m  ma )l 2  (G  F )
dt
1
d
 Cd  w S l
 uc
2
dt

…(2)

 d

 uc 
l
 dt


Setting damping parameter  

Cd  w Sl
and
2(m  ma )

angular frequency   (G  F ) (ml  ma l ) , Eq.
(2) can be rewritten in the following form
d 2
d uc  d uc 
…(3)
  2  
 
 
2
dt

dt

l  dt

l 

Eq. (3) is the differential equation of the
underwater suspension object making microamplitude vibration in ocean current environment,
describing the rules of oscillation with square
damping. The equation has the term of ocean
currents, which is the key point different from
conventional simple pendulum equations. Due to
the effect of the damping term, the amplitude
decays constantly.
The hydrodynamic added forces and moments
come about from the acceleration of the fluid
particles when they encounter the submerged
object. Since there is no relative acceleration in
the normal direction between submerged object
and its surrounding body of fluid, the normal
added mass is ignored. If the forces are projected

to the normal axis n of the oscillation trajectory,
we can obtain the tether tension
2
 d 
Ft  m 
 l  (G  F ) cos 
 dt 
1
d
 d

 Cd  w S
l  uc 
l  uc  sin 
2
dt
 dt


…(4)

Solution procedures with method of averaging
In the above section, the differential equation
governing the oscillation of the suspension object
in ocean currents with a single degree of freedom
is obtained. As the vibration equation has the term
of absolute value, method of averaging is a proper
way to solve and get the analytical solution16.
As we know, if moving in ocean currents, the
underwater suspension object will not oscillate
around the y axis and will have a balance angle,
which can be got from static equilibrium. If
letting lim (t )  0 and lim  (t )  0 in Eq. (3), we
t 

t 

can obtain the balance angle

 uc2 Cd  w Suc2
, which is consistent

t 
l 2 2 2(G  F )
with solution by static equilibrium.
Consider the nonlinear oscillation equation of
the underwater suspension object
…(5)
   2   f ( , )
lim  (t ) 

The solution can be expressed in the
following form provided that a and θ are
considered as functions of t rather than constants
according to method of averaging. In order to
describe the balance angle, a constant A is
introduced. So the solution gives
…(6)
  A  a(t ) cos[t   (t )]
  a(t ) sin[t   (t )]

…(7)

where
A  lim  (t ) 
t 

 uc2 Cd w Suc2

l 2 2 2(G  F )

…(8)

and the following equations describing the slow
variations of a(t ) and  (t )
 2
…(9)
a  
f (a cos , a sin )sin d
2 0
 

2

f (a cos , a sin ) cos d

0
2 a

…(10)

where   t   . Eq. (9) and Eq. (10) are called
the averaging equations.
Comparing Eq. (3) and (5), we know
d  uc  d  uc 
f 

 
l  dt
l 
u 
u 
 a sin  c  a sin  c 
l 
l 
dt



…(11)

For the underwater suspension object,
(1) In the ideal condition of still water with
current velocity being zero, Eq. (11) can be
written as
d d
f 
 a sin a sin
…(12)
dt dt

Substituting f into Eq. (9) and Eq. (10), we
obtain
4 a 2
a  
…(13)
3
  0

…(14)

thus

 4t

a  
 C1 
3




  C2

1

…(15)
…(16)
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so we have
1
 4t

  
 C1  cos(t  C2 )
 3


…(17)

where C1 and C2 are undetermined parameters.
In general, giving initial conditions  (0)  0
and  (0)  0 , substituting them into Eq. (17), C1
and C2 yield
16 202  9 2

C1  

30

,
…(18)






30

,


16 202  9 2
C2   arccos  

3


…(19)






Substituting Eq.(18) into Eq. (17) makes the
divergence of  in the initial time, not satisfying
the physical scene, thus abandoning Eq.(18).
(2) Considering the ocean current condition,
the value of

uc
u
 c
al a

m  ma
(G  F )l

influences the

absolute value symbol of Eq. (11). As the
amplitude maximum is generally 5°, if the ocean
current velocity is large and tether length is short,
uc
can be larger than 1, and Eq. (11) can be
a l

rewritten as
d uc  d uc  
f 

dt



l  dt



u 
  a sin  c 

l  
l 

2

Substituting f into (9) and (10), we have
uc  a

a  

l 4 40  l 2 2 uc2  l 2 2 20uc2   3uc4
l 3 3 l 2 2   2 uc2


l
C2   arccos  
2 2

l    2 uc2


l

  0

…(20)

…(21)
…(22)

Thus we obtain
a  C1euc t / l

…(23)

  C2

…(24)

hence,
u 
t
 u2
  2 c2  C1e l cos(t  C2 )
l

C1 

,
…(26)






l 4 40  l 2 2 uc2  l 2 2 20 uc2   3uc4
l 3 3 l 2 2   2 uc2


l
C2  arccos 
 l 2 2   2 u 2
c


or
16 202  9 2

C1  

or

 16 2 2  9 2
0
C2   arccos 

3


C1 

Giving initial conditions  (0)  0 and
 (0)  0 , and substituting them into Eq. (25),
C1 , C2 can be got as

c

…(25)

where C1 and C2 are undetermined parameters.






,
…(27)

The above parameter group satisfies the
physical scene, but C1 has opposite sign in (26)
and (27), C2 in (26) differs by a phase of  from
(27). If considering C2 varying between
 / 2  C2   / 2 , the parameters in (26) can be
abandoned.
Eq. (17) and Eq. (25) are the approximate
analytical solutions, and C1, C2 adopt the
parameters in (19) and (27) respectively.
It can be seen from Eq. (13) and Eq. (21) that
initially the rate at which the amplitude of the
response decreases is proportional to the square of
the amplitude of the initial disturbance in still
water and to the amplitude of the initial
disturbance in ocean currents. Thus when the
amplitude of the initial disturbance is large, the
initial decay is slower in still water than in ocean
currents. If the initial disturbance is small, the
opposite is expected to be true.
According to Eq. (17) and Eq. (25), the
amplitude in still water decays algebraically,
while the amplitude in ocean currents decays
exponentially with time. Given initial parameters
and ocean current conditions, when t   ,
amplitude a tends to 0, without relationship with
initial 0 .  keeps constant, resulting that the
solution with the method of averaging for the first
order approximation has no modification on the
oscillation frequency.
Results and Discussions
Different parameters are given to the
analytical expressions to analyze the effects of the
different types of damping, and validate the
analytical solution for cases with and without
ocean
currents.
For
simplicity,
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Cd  1.05 , m f  0.5m , ma  0.5m f . The initial

Oscillation in ocean currents

conditions give  (0)  5 /180 ,  (0)  0 .

The relationships between deflection angle
and time with different mass are plotted in Fig. 3,
and results obtained from analytical solution are
compared with numerical results. As shown in the
graph, the calculated values of deflection angle
with method of averaging have a similar trend to
those of numerical results, but the amplitude of
numerical results are smaller than analytical ones.
With the increase of time, deflection angle first
oscillates, and then gradually damps into a steady
angle. The steady angle with both averaging and
Runge-Kutta method is almost the same. As the
mass increases, the difference between deflection
angles obtained with method of averaging and
numerical method becomes smaller due to the
smaller damping parameter ε. The oscillating
period T keeps the same, but the deflection angle
damps faster to steady status with the smaller
mass.

Oscillation in still water
Results of analytical solution with the method
of averaging and numerical solution based on the
fourth-order Runge-Kutta are compared and
presented as below (solid and dotted lines,
respectively). Runge-Kutta method is an effective
explicit or implicit iterative method for solving
nonlinear ordinary differential equation, and it has
high fidelity for nonlinear solution. The small
difference between analytical and numerical
results shows the effectiveness of the method of
averaging. The nonlinear term is determined by
both damping parameter and relative angular
velocity. Although the damping parameter is
larger than one, with the small term of relative
angular velocity, the analytical solution still has a
relative satisfied approximation.
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Fig. 2—Comparison between analytical solution and
numerical solution based on the fourth-order Runge-Kutta in
a short time and a long time (m=100 t, l=100 m, uc=0 m/s,
ε=8.610, ω= 0.198).
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Fig. 4 shows the relationships between
deflection angle and time with different tether
length. It can be seen that the amplitude of
numerical results are smaller than analytical ones.
As the tether length increases, the damping
parameter ε grows larger and the difference of
deflection angle obtained with method of
averaging becomes bigger from those with
numerical method. Since the oscillating period
gives T  2 (m  ma )l / (G  F ) , the oscillating
period T increases with longer tether length,
which is obvious in Fig. 4. Besides, the deflection
angle damps to steady status with similar time of
200s for both methods. In short, tether length
influences both the damping parameter ε and
period T.
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(b) l=100 m, ε=4.305, ω=0.198

Fig. 3—Deflection angle vs time with different mass (l=50 m,
uc=0.5 m/s).
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(c) l=200 m, ε=8.610, ω=0.140
Fig. 4—Deflection angle vs time with different tether length
(m=200t, uc=0.5 m/s).

Considering the influence of ocean current,
the results of different current velocities obtained
from analytical solution are compared with
numerical results and plotted in Fig. 5. The
comparison shows that the deflection angle damps
to steady status in a shorter time with stronger
current velocity, although the oscillating period
keeps the same.
According to the equation in section 2, ocean
current doesn’t influence the damping parameter
ε. So the deflection angles obtained with method
of averaging and Runge-Kutta method have
similar accuracy in environment of different
ocean current velocities.
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(a) uc = 0.5 m/s, ε=2.153, ω=0.280
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affected by some physical properties, like the
mass, tether length and current velocity. With
large mass, short tether length and large current
velocity, the analytical solution obtained with
method of averaging is closer to the numerical
solution. The nonlinear term is determined by
both damping parameter and relative angular
velocity. The analytical solution with weaker
nonlinear term has the better approximation.
Method of averaging has only a first-order
approximate precision of solving nonlinear
equation. But for this model, method of averaging
can be simple and effective to solve the problem,
and result in satisfactory accuracy. If more
accurate analytical solutions are required, other
analytical methods need to be tried. The
oscillation model built in this paper is relatively
ideal, and some conditions like the elasticity,
gravity and drag force of tether are ignored,
which exist in practical problems and can be
studied further.
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