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Evaluation of refractivity profile using Hankel transform as a technique
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Numerical evaluation of the Hankel transform is felt to produce a desired computational tool for analysis of the
refractivity profiles. The idea is to use the Hankel transform to model the auto-correlation function given for
Kolmogorov turbulence. Conversely, a model of the auto-correlation function is used and, by means of an inverse
Hankel transform', average refractivity spectrum of the atmosphere along the path evaluated. Based on the
propagation measurements on the satellite downlink and the experimentally obtained amplitude scintillation spectra,
a path integrated value for the turbulence intensity charaterized by the refractive index structure constant C2n has
been evaluated.

1 Introduction
An atmospheric path exhibits a complex structure
to any satellite-to-earth communication link.. This
complexity of the atmosphere affects the amplitude,
phase and polarization of a propagated wave. These
effects could be due to scattering, attenuation and
absorption by a particular medium like rain, or due
to random fluctuations of the refractive index.
Variation of the refractive index is the result of
turbulent mixing of the air masses of different
temperatures
and humidities and these cause
scintillations'f.This
random medium characterized
by the refractive index is a function of space and
time and one needs to have the knowledge of fourdimensional space-time statistics. However, it has
been found that most commonly used theory
provides only the space statistics which is based on
Taylor's hypothesis or the well known frozen
model.The effect of the frozen model is to treat the
refractive index fluctuations as a random function of
spatial coordinates say, n (x,y,z).If we assume that n
is a normal random variable with zero mean, its
spatial co-variance function p (x,y,z) will provide a
c9mplete description of its statistics. However, it has
been found that the structure function C; (x,y,z) is a
more convenient statistics than the co-variance
function. Yet, another useful characterization of
turbulent medium is the power spectra q,(kx,ky.kz) of
the fluctuations, where q,(kx>ky.kz) is the Fourier
transform of p (x,y,z).
The amplitude scintillation both in the spectral
form and as a variance can be interpreted as the

Hankel transform
spectrum.

of weighted

refractive

index

2 Analytical concept
The analytical concepr'" of Hankel transform is
described as follows.
The two-dimensional Fourier transform of a
function f (x,y) is given by
F(u, v) = 2~

C_ C_ f (x, y)

e-j(xu+yv)dx

dy
... (1)
g (r, 8)]

Introducing polar coordinates for f (x,y) [ =
and F(u,v)[= G(p,¢)], and for the case of circular
syrnmetry.Gfp.e ) = G(p), we have,
x=rcos8

u=pcos¢

y=r sin8

v=p sin¢

and, hence,
ux + vy = rp cos8.cosq, + rp sin8.sin¢
= rp cos(8 - ¢)
The differential
rdrd8.

element of area dS

=

dx dy =

Equation (1) can be written in polar coordinates as:

G(p)= 2~ f~lr J~-g(r)e-jrpcos(8-4»rdrd<p
. .. (2)

Because of axial symmetry, the solution must be
independant of ¢. Considering ¢ =0,
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G(p)

= _1_ J~- g(r) J~1te-

jrp cos 9 de

rdr

· .. (3)

21t

Now, putting

Jo (rp ) = 2~ f~1r e- jrpcosfl

de

· .. (4)

Eq.(3) becomes

9).The computation of the integral is done by using
a product integration method.
A computer programme was evolved to find the
Hankel transform of certain functions over a range
of values of p.The flow chart for the Hankel and its
associated subroutines are given in Appendix-I and
the program details in Appendix-II. As a test case
for the function, we have
g (x) =1 [x::;

G(p)=

f~g(r)Jo(rp)rdr

· .. (5)

This G(p) is the Hankel transform of the zeroth
order of function g(r).
The inverse Hankel transform is then given by
g(r)=

f~G(p)Jo(p

TC]

=0 [x> n]
The values of G(p) were calculated in the steps of
t:.p (= 0.05) from p = 0 to p = 5, using sample
spacing TS = 0.025.For the above function
G(p)=

r)pdp
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ro Jo(px)xdx

...

(10)

(6)
Therefore,

Thus, Eqs (5) and (6) constitute a transform pair.
Because the auto-correlation function of amplitude
scintillation is given by Eq. (5), where r is the wave
number IC and g (r) is the weighted refractive index
spectrum t/J (IC),

g(K)=('-

Si:/ )<P<K)

where, x 2

= K:

L,
k

2

... (7)

L being the path length and k

G(p)

= n;'

[J' <:)]

...

(II)

These results are plotted in Fig. 1 and compare
favourably with the computed Hankel transform in
Fig.2.

4 Evaluation of refractivity profile by Hankel
transform
A radio path between earth and satellite has a
complex structure which affects the propagated

the wave number.
Inversion of Eq. (7) will give t/J (KJ.

5

3 Computation of the Hankel transform
3.1 Product integration

method

Assuming that f (x) is bandlimited,
G(p) = fof (x)Jo(px)dx
where, f (x)

· .. (8)

= x g (x)

By use of an Abel transform
G(p)=-

2

fP

o(p

2

-/)

-112,

.J(s)

ds

,

for fJ'ID

1C

where,
J'(s)

= J~f (x)cos

x· sds

...

(9)

Equation (9) is the Fourier integral of f (x) and can
be evaluated at regular intervals using FFf (Refs 7-

Fig. I-Hankel

transform for uniform illumination of the
radiation field pattern.
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Fig. 2--Computed

Hankel transform of a given function for
sample spacing TS=O.025

wave. The wave exhibits random fluctuations of
amplitude and phase known as scintillations both
across the receiver aperture (spatial structure) and in
time. These scintillations are caused by random
fluctuations of the atmospheric refractive index.
Since, variation of refractive index is due to the
turbulent mixing of air masses of different
temperatures and humidities, this random medium
characterized by the refractive index is a function of
space and time and can be represented by a spectral
model of three-dimensional spectrum ¢ (1C) which
depends on the origin of the tropospheric
turbulance.The size or scale of the disturbance in the
refractive index is essentially the same as that of the
turbulent eddy.The smallest eddy fo is called the
inner scale of turbulence, whereas the largest scale
below which eddies can be considered locally

The correlation between two waveforms is a
measure of similarity between the waveforms. The
correlation of a function with itself is called the
auto-correlation, which is related only to amplitudes
and not phases of the spectral components of the
waveform. The concept of auto-correlation is useful
when waveforms that are random and unpredictable
are considered, and must be described in statistical
"
10
an d pro bal isnc terms .
4.1 Parameter

t/J ('"

in the present work

Following Tatarski", the spectrum of refractivity
index
fluctuations in the inertial subrange is
assumed to be II
<!>(K) = <!>n(K) = 0.033 c~K-n ; with n = 1113
2)
...

(1

This spectrum of turbulance is applicable when
the outer scale 1.0 and the inner scale fo of turbulance
satisfy the relation fo ~ (AI- )112 s 1.0 where, A is the
wavelength
of the observations
and L the
propagation path length. The radius of the first
Fresnel zone at the receiver (of dimension -2/3)
gives the structure parameter C/ of refractive index
fluctuations defined by the intensity of fluctuations
and correlation length (or scale size) originally
introduced by Tatarski", and equals 5.3 < L\ n" >1.0-213
for homogeneous isotropic turbulence. It should be
noted that for Kolmogorov spectrum, n = -1113, the
condition of Eq. (12)
is well satisfied for
millimetre wave propagation in the troposphere at
frequencies down to 4 GHz (S-band) and for the
propagation path length - 100 krn.
Equation (12), though useful for practical work,
assumes homogeneity within a region of constant
or < L\ n2 > and the form of the spectrum for 1C~
1/1.0 is only, at best, a rough approximation'f.

C/

Assuming that the random refractive index field
is homogeneous and isotropic for all scales, the
correlation function for a wave transmitted through
a turbulent medium with refractive index spectrum
<!>(K) is given by

RAINA: EV ALUA TION OF REFRACfIVITY

.

B(p) = 21l' K2 L

J~10 (I( p)1(

1(2

L

1-

= 21l'2 (0.033) C~K2 L J~10 (PI()

B(p)

sm-K
1(2L

X

K
X </>(I()dl(

(l3)

•..

K.
LJ 1(-11/31(dl(
( 1---sm-1(2L
K
1(2

The mean square fluctuation, B(O),is given by
B(O)

where, K

= 0.31 C/

K-716

(17)

LII16

= 2n Ill.

=

Now, denoting b (p)=B(p)IB(O)
correlation
coefficient of the amplitude fluctuations of the wave
in the plane, X=L,
we have

BCp) is, therefore, the Hankel transform of

1

2

K

2 (0.033)

b( ) _ 21t

P -

sm-• 1(2 L
F(I() = 1-
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...

</>(1()

0.31

(14)

I(L

X(1 ~sinlC L

K

2

and is the correlation function of the amplitude
fluctuations in the receiver plane between two points
p units apart.
Assuming 'frozen' turbulance and a constant
cross path wind velocity v, time lag 't and distance
may be interchanged using p= vz The concept of
frozen turbulance assumes that the evolution of
turbulance with time is so slow that during the
period of measurement the turbulance is frozen, then
only spatial variations need be considered.
Let the refractive index be locally homogeneous.
Then,

=0,

...

1('> ~

(KL )S16 ror- Jo(plC)

(15)

2

lC L )lC-lI13 KdlC
K

...

(18)

...

(19)

This satisfies the condition

fa b(p)p

dp=O

which is a consequence
conservation.

of the law of energy

Equation (19) was evaluated using Hankel
transform for the propagation path of an X-band
satellite down link beacon13•14 at 11.575 GHz.
Considering a height, h = 2.6 km, at an elevation
angle (8) of 30°, the effective path length was found
to be 5.2 km. The programme was modified in order
to calculate b(p).
.
The results are displayed graphically in Fig.3.This
shows that the mean square fluctuations
of
logarithm of the amplitude
depends on the
1.0

where,
0.8

~ = 5.48/£0
Substituting Eq. (15) into Eq. (14), we get
F(I() = 0.0331l'

C K2 L (1

0.4

2

~sin

n

1(2

L

1(2

K

L)

-1113
I(

,

0.2

14

1.6

1.8

Pp
=0,
Hence,

...

(16)

Fig. 3--Comparison of the values of b (p) as calculated by
Tatarski and by using Hankel [I, as given by Tatarski, and 2,as
calculated using Hankel transform]
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dimensions of the smallest inhomogeneities

of the

refractive index (on the inner scale of turbulence fo)
and is proportional to the characteristic C;2 of the
structure function of the refractive index fluctuation.
The correlation distance of the amplitude
fluctuations in the plane X=L agree in order of
magnitude with the inner scale of tubulence fo and it
is found that it does not agree with b(p) given by
Tatarski.
In order to test the results obtained using the
product integration method, an inverse Hankel
transform was performed. The inverse deviated from
the original function g (x) as shown in Fig.4. This
was found to be due to the fact that since the Hankel
transform was calculated over a limited range, the
truncation occurred beyond that. The effect of this
truncation
was emphasized
when G(p) was
multiplied by p to calculate the inverse,

fa" P G( P )J 0 (px) dx
hence, resulting in large errors.
The Hankel transform was truncated at p = lOin
Fig.4.Since the range over which G(p) can be
calculated is limited, it was not possible to truncate
G(p) at much higher values. than this. Figure 5
shows the inverse Hankel transform when G(p) was
truncated at p =25.This shows a slight reduction in
error between the inverse and g (x).

The results tend to indicate that Eq. (16) is true
for the computed values and that Tatarski's curve
for b (P) is not correct. This shows that Hankel
transform gives a better estimate of the path length
than that predicted by using Tatarski scheme.
We now use the experimentally
obtained
amplitude spectra of the microwave
signals
propagating through the atmosphere at 11.575 GHz
to derive the path integrated value of the turbulence
intensity charaterized by the refractive index
structure constant C/'
It has been shown that if we assume an effective
turbulent path and derive statistics of the variance
d(A), then values of C;2 could be determined. The
problem
is that although
the experimental
'investigation of these amplitude
scintillations
reveals the expected general form of the spectrum,
there is a great variability not only in the integrated
values (variance), but also in the frequency
independent region of that spectrum in the
slopes'<Pigure 6 shows two experimental mean
curves denoted by M ,where 90% confidence limits
are also given. As seen the spectra tend to flatten in
the low frequency region below a cut-off frequency
of 0.1 and 0.5 Hz. Above the cut-off frequency the
spectra falls rapidly with increasing frequency. From
this, one can deduce the slope of the spectr ..,. Thus,
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of the variance of amplitude scintillation

L." £0 and spectral

slope n

the variability of the slopes could be theoretically
considered as being consistent with the variability of
the exponent n leading, in turn, to the variability of
d(A).It is worthwhile to investigate the behaviour of
the scintillation variance with inner and outer scales
eo· and La as well as the spectral slope n. This
function is shown in Fig. 7. Here, we find that for
values of L; of several tens of metres (100 m), one
could expect a maximum scintillation for values of n
in the neighbourhood of 3.3. This maximum is
rapidly smoothed when La is about 30 m resulting in
the increase of the spectral slope greater than 3.3.
When Lo is about 10 m, the maxima is further
smoothened· and it is difficult to read the spectral
slope greater than 3. Thus, changes in the outer scale
La affect the variance for spectral slopes greater than
3 and the reverse occurs for inner scales eo. Further,
variation of path length L tends to displace the
curves
vertically
leaving the overall shape
unchanged.
Although
the figure reflects
a
mathematical expression, not all values of n are
physically realisable and many experimental results

Fig. 8-Correlation
between variance of the amplitude
scintillation obtained from power spectra and the slope of the
spectrum at higher frequencies

show reasonable agreement with
value of 1113 = 3.67.
Figure 8 shows the experimental
Kolmogorov spectral slope. At
variance is not only dependant
dependant on La.

the Kolmogrov
values and the
that slope the
on n, but also

5 Conclusions
Product integration method has been shown to be
an effective tool for remote sensing· of the
refractivity spectrum and can be used to process the
experimental data to evaluate the refractive index
and model the turbulent atmosphere. As is evident,
this method is a modification over the computed
values as given by Tatarski. There is also an
increase in the dynamic range of the computed
values of measurements and it gives better estimate
of path length than as predicted using Tatarski
scheme. The experimental results show reasonable
agreement with Kolmogorov value of 1113=3.67
which also indicates that the variance is not only
dependent on the slope, n, but also on the outer scale
size La of the turbulence.
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Appendix I

SUBROUTINE

HANKEL

SUBROUTINe:
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SUBROUTINE

SUBROUTINE QCALC

DCALC
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03=21I1

(I+

T)2

fP-(I+T)
2

2+

2

P .1)1

Appendix-Il

Program details
From the flow charts in the Appendix-I, it is seen
that in the program two one-dimensional complex
arrays AA and BB are defined, each consisting of N
elements.
The array AA is fitted with the values of the
required function at certain points. The sample
spacing between these points, a real value, is
requested to be entered by:
'ENTER SAMPLE STEP SIZE'
The function may not necessarily run to infinity,
it becomes equal to zero for x > tt in the function
g(x) = l[x::::;r]
= O[ x > n]
This information is requested in the following
manner:
'ENTER a IF FUNCX RUNS TO INFINITY ELSE
XMAX'
This required a real value to be entered equalling
the maximum value of x above which function g(x)
became zero.
Elements a to N12. of AA are filled with the
appropriate values of the function.
Sub-routine ALLCC is called to reflect the values
contained in elements 1 to NI2 into N-l to N12,
respectively. Hence, AA is correctly forrnated for
use of the subroutine CFFT in calculating the
Fourier transform. A plotting routine Q PLOT is

called for, where function g(x) , as stored in array
AA, is plotted. The main program called sub-routine
HANKTF requested three pieces of data:
requests the initial value of p
(referred to as R in the
program)
'ENTER STEP' requested the step size between
consecutive
values
of G(p)
(RSTEP)
'ENTER NUMBER OF VALUES' requested the
number of values of p at
which the Hankel transform
is to be computed (NUM).
'ENTER START'

In each case 100 values of G(p), with I1p = 0.05
were calculated. On receipt of this information, the
programme proceeded to calculate the values of the
Hankel transform and stored them in array BB. Then
Q PLOT was called, requesting the plotting position
for the Hankel transform.
Having obtained a sufficient set of, values of the
forward Hankel transform of g(x) such that the
values have approximately died away to zero, the
inverse can be obtained by placing these values in
array AA and performing the same operation on
these values. The sample step size is then equal to
RSTEP. The results should match original function
g (x).

