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Us in g quasi-classical Green function , a general formalism for calculating charge imbalance and its relaxation in nonequ ilibrium superconductors is presented. The formalism is applicab le at arbitrary temperatures, und er conditi on s when th e
width of quasi-particle state is appreciable due to pair breaking processes and when strong-coup ling effects are signi ticant.
[n the limi t of small pai r-breaki ng and for a weak coupling supercondu ctor the collision term in the formalism reduces to
th e one in the quasi-particle Boltzmann eq uation .

1 Introduction
During last few decades, the dynami cs of nonhave
received
equilibrium
supe rconductors
considerable attention. One of the important aspects
of non-equilibrium superconductivity has been
centered around the concept of charge imbalance.
The interesting observation is the quasi-particle
tunnelling current at zero bi as voltage in a
superconductor-in sulator-normal metal junction in
which superconductor is driven out of equilibrium
by tunnel injection t . The magnitude of the charge
imbalance is determined by the competition between
generation mechani sm and pair-breaking processes,
which relax the charge imbalance. Thi s and several
other non-equilibrium effec ts have been couched in
two different theoretical frameworks. One method
of treating such phenomenon is using the Boltzmann
equation (or quasi-particle di stribution using
Bogoliubov quasi-particle of BSC theory in which
superfluid correlations enter through changes in the
quas i-particle and cohe rence factors th at occur in
transition probabilities. Such a desc ription was first
used by Tinkh am 2 and Pethick & Smith'. Thi s
approach, though, is physically appealing, but is
limited since it is applicable only when width of
quasi-particle state is small and pair-breaking effects
are treated as a perturbation . The other method is
based on using quasi-static Green function
S
4
developed by Eliashberg , Eilenberger and Sehmid
6
& Schon . Th e kinetic equation s for the Green
fun ction may be conveniently derived using the
Keldysh 7 tec hniques fo r non-equilibrium problems.
In thi s paper, kinetic equation for charge
imbalance for the case of e lectron-phonon scattering

in a form which is direc tly app li cable to strongcoupling superconductors is deri ved. Such an
equation was first obtained by Schmid & Schon 8 . Its
9
derivation has been di scussed in detail by Hu . The
author's formalism is a genera l one, as it is
applicable at arbitrary temperatures and when strong
coupling effects are significant. For a weak coupling
superconductor, the kinetic equation fo r charge
imbalance derived by Schmid & Schon 6 is
recovered . In the limit of small pair-breaking and
for a weak coupling, the collision term in the
formalism is shown to be reduced to that in quas iparticle Bo ltzmann equation .

2 Kinetic Equation
In the Green function method , the kinetic
equation is derived from the matrix equation
obtained by subtracting the Dyson equati on for the S
- integrated Green function from its conjugate:
A- I_I. ,gA]_O
[ go
.-

... ( I )

where
.. .(2)

and
. .. (3)

are the self-energy and l;;-integrated Green function
in Keldysh space, consisting of advanced (A) ,
retarded (R) and Ke ldysh (K ) component, al l of
which are matri ces in Nambu space. [n the
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.. .( J2b)

stationary case and in the absence of a vector
potential the matrix g o· 1 is:
'-I

.

P a

<l>

go = 'r j E + I - .-= - e

m

where E

ar

... (4)

,
is the ene rgy vari able , P = PFP is the

momentum, r the position coordinate and <I> is the
electrostati c potenti al. The Pauli matrices in Nambu
space are denoted by 1 j (i = 1,2, 3) .
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The diagonal part of Eq . ( I) the n becomes :

ZE P-i<I> u= O

... (13)

whic h together with the normalizati on condition 5.
U

2

+ p2= I

lo

:

... ( 14)

Introducing a di stributi on matri x h by the
definiti on :

determines u and p. Th e kinetic equati on
corresponding to the off-diagona l part of Eq . (7)
contains terms proporti onal to fT , w hi c h may be
co mbined into sin gle co lli sion integral I (fT) . T he
resulting kinetic equ ati on has the form :

g K = g Rh- h g A

X=/ (fT)

... (5)

and usin g th e equ ati ons of moti on corres ponding to
the di agonal compone nts of matri x Eq . ( J), one
arri ves at the foll owi ng 2x2 matri x equati on in
Nambu space:

g Ry - yg A = 0

... (6)

whe re

... (7)
Fo ll ow ing Ref. 7, one may take h to be diagonal
and introducin g the scalar di stributi on fun cti ons h
and fT by the definiti on :

whe re, the dri vin g te rm, de noted by X, may be due
to tunnel inj ecti on, due to te mperature gradi ent in
the presence of super-fl ow or due to othe r
phenomena, whi ch gene rate c harge-imba lance.
When the ph onons are assumed to be in
equilibrium the se lf-e ne rgies LK, LR a nd LA invo lve
gA and
as we ll as the effecti ve ph on on
2
dens ity of states u F(E). The ex plic it expression
may be fo und in Ref. 8. The co lli s ion integra l
resultin g from Eq . (7) then becomes :

l,

l,

I (fT)

... (8)
unde r isotropic conditi ons fT and h depe nd onl y on
ene rgy E; furthermore fT is even and ( 1-2h) odd
under re ve rsa l of the sign of E.

... ( 15)

f

=-2 (NI 1m ZE + N2 R e (<1»

~

+

dE l P (E, E I) {NI (E) NI (E)

. .. ( 16)

In th e case of e lectron-phonon scatte ring, the
retarded and ad vanced se lf-ene rgies are written in
the customary form :

whe re

I,R= 13 (1 - z)E - i 11<I>

= n: u2 F ( E- EI

I A= 1, ( I - z* )E - i 11<I>*

.. .(9)
... ( 10)

The re-normali zati on functi on z and the gap
fun cti on <I> are g iven be low in Eqs (18- 19) . In thi s
case, l and gA may be writte n in the simpl est fo rm:

l = U1, + P11

... ( Il a)

and

gA=-U*13+ P*11

.. . ( ll b)

whe re

.. . ( 12a)

fT (E)

P(E, E I)

I

cos hEI / 2T
I) - -h(l ---,--- -- EI - E I I 2T) cos hE 12T
Sin

.. .( 17)
The co lli sion integral ( 16- 17) app lies to strongcoupling supe rconductors and is va lid for both cl ean
and dirty superconduc tors in the absence of
ani sotropy. In the prese nce of ani sotro py suc h as
assoc iated w ith supe r-c urre nt , the co lli s ion integra l
re mains valid in the dirty limi t.
In orde r to find fT fro m the kine ti c Eq . ( 15 ), one
mu st, in general, first so lve the Eliashbe rg4
equati ons for Z and <1>, w hi c h in th e present notation
have the form:
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.. . (2 1)
... (18)

and furthermore:
... (22)

and
Introducing the important parameters Tin,
characterizing the strength of inelasti c e lectronphonon interaction, defined as the normal state
inelastic relaxation time at Tc and at Fermi energy:
.. .( 19)

/ , =2
These Eqs (16-19) mu st, in general , be solved
self-consistently . In weak coupling case, one may,
however, replace in Eqs (18-19) the functions NI(E)
and R2(E) by their values in BCS theory, given in
Eqs (25-28 ) below.
The collision integral in Eq . (16) differs in form
6
9
from obtained by Schmid & Schon and Hu by term
multiplying h (E) involving integrals of the form

fdEl N

2(E)

,

~: :EI

4n

~f

Re Z(O)

0

=

T=T,
~=O

2

a F(E)

dE----~~

. . . (23)

si n h(E IT,)

While solving the kinetic Eqs (15-17), one shall
always use a Debye model, where, a 2 F = b£2. Here,
b is of order the inverse Debye temperature 0 0
squared.
For thi s model , one gets:

N2(E\ such terms appear in the gap

__ = 14ns (3)T;lb

equation for Re <D, and should be considered as
strong-coupling corrections to the BCS energy gap.
In a weak-coupling calculations, where Re <D = !J.
Re Z (0), these terms should be neglected for
consistency .
In the case of e lectron-phonon scattering action
alone, it may be convenient for calculation purposes
and ready comparison with the Boltzmann equation ,
to write I (h) in the equivalent form:

Tin

. . . (24)

Re Z(O)

If, furthermore , a F = 0 for E> 0
Z(O) = I + A. where A. = b 0 20
2

0

one has Re

To simplify the equations, the author suppresses
in the remainder of this paper, all strong-coupli.ng
effects, including the tri vial effects of renormalization Re <D == !J. ( I + A) and Re Z == I +A
Now, considering the expressions for NI and Ri

(i

= I, 2) in the number of cases.

(i) Quasi-particle limit

f dEI~(E,EI){NI(E)NI(EI)+N2(E)N2(EI) }h(E

If pair-breaking is neglected, one find s:

~

+

I

)

. .. (20)

The term mUltipl ying h (E) in Eq. (20) is
identical with th e corresponding ' scattering out'
lO
term obtained by Ambegaokar & Tewardt for the
case of thermal con ductivity in the presence of
electron-phonon scattering, since the following
identities hold for electron-phonon scattering only:

... (26)
and
... (27)

MATTOO:CHARGEIMBALANCEINSUPERCONDUCTORS

... (28)
Thus, NI is the usual BCS density of ·states.
Pair-breaking mechanism leads to a smearing of
densities of states (25-28). The characters of the
smearing depend on the particular mechanism under
consideration, while an arbitrary small rate of
electron-phonon scattering always makes a
superconductor gap-less, it takes finite spin-flip
. rate to ren der It
' gap Iess II .
scattenng
(ii) Scattering by magnetic impurities

In the presence of magnetic impuntles
scattering, in addition to electron-phonon scattering,
the equation of motion in Eq. (13) becomes:
ZE ~ - i <I> u + i r s u ~

=0
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3 Quasi-Particle Limit of the Collision Term
In case of weak pair-breaking, the collision term
I in the form given in Eq. (16) is essentially the
usual collision term in the quasi-particle approach.
Previously, this has been demonstrated by EntinWholman & Orbach l2, for the limiting case /'). « T,
for which the imaginary part of the gap, Im<I>, may
be neglected. To show thi s equivalence at arbitrary
temperatures, the author expanded the collision term
in Eq. (16) to first-order in pair-breaking rates
associated with electron-phonon and spin-flip
scattering. One finds upon expanding the solutions
of Eqs (13-14) that:

Re ZN2= 2

U

(E -!J.)

U

E

2 3/2 (1m ZE-- Im<I»+
!J.

Neglect electron-phonon scattering in Eq. (29)
entirely, setting Z = I and <I> = /')., the normalization
condition in Eq. (14) is then used to eliminate ~,
which results in a quartic equation for u.
r / (14_2 iET su 3 +(t?-E2-r/) (12 + 2 i E r s u + E2

2
?

(E- +!J.- )

... (29)

where r s is the spin-flip scattering rate:

?

2rs

... (32)

It is convenient to introduce the single particle
decay rate for a scattering by phonons, 2 rp by the
definition:

=0
... (33)

... (30)
For a weak pair-breaking (rs « /'). ) and for
energies close to /'). one may neglect the quartic term
in Eq. (30) and one then finds NI (E) = 0 for:

IE I < /'). - %(rs

2

/').)IIJ

.. . (31)

Eq. (30) can be solved numerically for number
of cases so as to account for different experimental
observations.
(iii) Scattering by phonons
Calculating 1m ZE and 1m <D from Eqs (18-J9)
together with Eqs (25) and (28) it is found that, ImeD
changes sign from negative to positive at energies of
the order of 4kB T. From 1m ZE and Im<I> one can
calculate value of N2 which also changes sign at
high energies 5 . One can ascertain the contribution of
phonon scattering alone, by solving Eq . (29) with r s
= O. When both scattering by magnetic impurities
and phonons are present, one must solve the full Eqs
(14) and (29) numerically .

... (34)
Inserting this result into Eq. (16), one find s that,
1m ZE term in Eq. (34) precisely cancels the
NIIrnZE term in Eq. (16). The NI NIl term in the
integral may be neglected when pair-breaking is
weak and introducing the variable:
.. . (35)

The kinetic equation takes the form :
X=l(h)=-

(EJ3
D.2( EJ4 ]
[\f f',,+2?lf f',. h(E)
. .. (36)
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finds :

Introducing

q=£E

... (37)

-f

__

...(41)

4 Conclusion

as the effective charge of a quasi-particle, Eq. (36)
takes the form:

+q

xBoitz=lx

d '(, Iq ('(,1) B (E EI)

'

fr

«(I )

q «(I )

. .. (38)

Defining h('(,)/q('(,) as the quasi-particle
distribution where the quasi-particle energies are
negative, below the Fermi-surface, the operator on
the right hand side of Eq . (38) is precisely the usual
Boltzmann equation collision term and therefore to
complete the identification one needs merely to
co mpare driving terms . For the specific use of
6
tunn el injection Schmid & Schnon found:

In this paper, a formalism, based on qlllasiclassic Green function, for calculating charge
imbalance at arbitrary temperature and for arbitrary
amount of pair-breaking is presented . It is also
shown, explicitly, how in the weak-coupling case
one recovers the usual quasi-particle Boltzmann
equation when pair-breaking is small. An interesting
feature of these calculations is that the collision term
in the Boltzmann equation corresponds to the terms
in the Green function approach having different
origin. The basic formalism described can be
applied to a variety of other non-equilibrium
phenomenon.
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